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Abstract 



The Roper- Suffridge extension operator and its modifications are 
powerful tools to construct biholomorphic mappings with special ge- 
ometric properties. 

^SJ ', The first purpose of this paper is to analyze common properties of 

^N I different extension operators and to define an extension operator for 

biholomorphic mappings on the open unit ball of an arbitrary complex 
Banach space. The second purpose is to study extension operators for 

("^ I starlike, spirallike and convex in one direction mappings. In particular, 

we show that the extension of each spirallike mapping is ^-spirallike 
for a variety of linear operators A. 

k>( \ Our approach is based on a connection of special classes of biholo- 

^ ' morphic mappings defined on the open unit ball of a complex Banach 

space with semigroups acting on this ball. 

1 Introduction 

One of the main purposes of the classical Geometric Function Theory is the 
study of various classes of univalent and multivalent mappings. Convex, 
starlike and spirallike functions on the open unit disk A G C have been the 
objects of intensive study for over a century. A reader can be referred to 
the book of Goodman [8]. The study of different classes of biholomorphic 



mappings in multidimensional settings began later. In fact, the first survey 
appeared in 1977 (see [21]). Recent developments in this area are reflected in 
[3 [Hill] and [19]. However, numerous well-known tools for the construction 
of mappings with special geometric properties on the open unit disk A :— 
{z G C : |2;| < 1} have no generalization for the multidimensional case. For 
example, until recently only a few concrete examples of convex, starlike and 
spirallike mappings in the open unit ball in C" were known. 

In 1995, Roper and Suffridge [20] introduced an extension operator, which 
provides a variety of required examples. Given a univalent function / G 
Hol(A, C) normalized by /(O) = /'(O) — 1 = 0, they considered the mapping 
$[/] : 1" ^ C" defined as follows: 

<^[/](^i,^) = (/(^i),/my2:), (1.1) 

where x = (22, ... , Zn). The Roper-Suffridge extension operator has remark- 
able properties. In particular: 

• if / is a normalized convex function on A, then $[/] is a normalized 
convex mapping on B", see [20] : 



if / is a normalized starlike function on A, then $[/] is a normalized 
starlike mapping on B", see [TO] : 

if / is a normalized /U- spirallike function on A, then $[/] is a normalized 
/iJ-spirallike mapping on B", see, for example, [121 E 



if / is a normalized Bloch function on A, then $[/] is a normalized 
Bloch mapping on B", see [TO]. 



Several authors have discussed this operator and its generalizations. In 
particular, the operator 

<|.„[/](^i,x) = (/(zO,(/'(^i))"x), (1.2) 



where a G [0, |], was introduced in 

For a locally biholomorphic mapping / defined on the unit ball of C", 
Pfaltzgraff and Suffridge constructed in [17] an extension operator as follows: 

$4f]iz,x)=[fiz),iJjiz))^^ x), (1.3) 



where z G C", a; G C, \\z\^ + \x\^ < 1, and Jf{z) is the complex Jacobian 
of the mapping / at the point z. It was shown in |13j that this operator 
preserves starhkeness. 

Another extension operator was introduced in pjOj for locally biholomor- 
phic functions / G Hol(A, C) by 

^^[f]{z^,x) = (fiz,),(^l^y xY (1.4) 

where f3 G [0,1]. These extension operators and their combinations (with 
multiplier (/'(z))"^ ( ^-^ j in j-th coordinate) in the space C" equipped with 

different concrete norms have been considered in numerous papers. Detailed 
references can be found in [6j. 

Note that, as we updated, all extension operators were studied for func- 
tions / satisfying the standard normalization /(O) = and /'(O) = 1 (or 
J/(0) = id, respectively). 

The first purpose of this paper is to analyze common properties of differ- 
ent extension operators and to define an extension operator for biholomorphic 
mappings on the open unit ball of an arbitrary complex Banach space. 

The second purpose is to study extension operators for mappings starlike 
or spirallike with respect to an arbitrary interior or a boundary point (see 
definitions in Section [2]). Although the case of spirallikeness with respect 
to an interior point can often be reduced to a standard one (/(O) = 0), 
extension operators for starlike and spirallike mappings with respect to a 
boundary point have not been considered at all. The following effect is new 
even for the case of /(O) = 0: we show that the extension of each spirallike 
function is A-spirallike for a variety of linear operators A. 

Our approach is based on several simple but effective observations: 

(1) All extension operators mentioned above have the form: 

f{x)^{f{x)J{f,x)y) 

with a certain linear operator F depending on a mapping / and a point x. So, 
we have to understand which properties of V enable us to use it to construct 
an extension operator. We will say that operators having such properties are 
appropriate. 

(2) A biholomorphic mapping is y4-spirallike if and only if its image is S'- 
invariant, where S = {c~*^},>„ is the semigroup of linear transformations. 



Similar relations between biholomorphic mappings and special semigroups 
also exist for other classes of biholomorphic mappings. Therefore, we must 
study extension operators for one-parameter continuous semigroups. 

(3) Extension operators for a semigroup of biholomorphic self-mappings 
of the open unit ball and for a corresponding class of biholomorphic mappings 
do not necessarily coincide. 

2 Preliminary notions 

In this section we present some notions of nonlinear analysis and geometric 
function theory which will be useful subsequently. A reader may be referred 
to as the book [19] . 

Let X be a complex Banach space with the norm || ■ ||. Denote by 
Hol(D, E) the set of all holomorphic mappings on a domain D G X which 
map D into a. set E G X and a set Hol(D) := Hol(D, D). 

We start with the notion of a one-parameter continuous semigroup. 

Definition 2.1 Let D be a domain in a complex Banach space X . A family 
S = {Ft}t>o G Hol(D) of holomorphic self-mappings of D is said to be a 
one-parameter continuous semigroup (in short, semigroup) on D if 

Ft+, = FtoF,, t,s>0, (2.1) 

and for all x G D, 

lim Ft(x) = X. (2.2) 

For example, if D is the unit ball of X and A G L{X) is an accretive 
operator, then the family {e~*'^},>Q forms a semigroup of proper contractions 
of D. Moreover, each uniformly continuous semigroup of bounded linear 
operators can be represented by this form. 

Definition 2.2 A semigroup S = {-Ft}t>o on D is said to be generated if for 
each X G D, there exists the strong limit 

f{x):= lim Ux-Ft{x)). (2.3) 

In this case the mapping f : D \-^ X is called the (infinitesimal) generator 
of the semigroup S. 



It was established in |TB] that a semigroup S of holoniorphic self-mappings 
of D is differentiable with respect to the parameter t > (hence, generated 
by a holoniorphic mapping) if and only if it is locally uniformly continuous 
on D. 

The following notion connects semigroups on biholomorphically equiva- 
lent domains. 

Definition 2.3 Let {Ft}t>o and {'^t}t>o be semigroups on domains D and 
Q of a complex Banach space, respectively. We say that the semigroups are 
conjugate if there is a biholomorphic mapping h : D \-^ Q such that 

ho Ft = "^1 oh. 

The mapping h in this relation is called the intertwining map for the semi- 
groups. 

An important class of mappings which serve intertwining maps with semi- 
groups of linear transformations is the class of spirallike mappings. 

Definition 2.4 (see jH, [1_9], cf., |2H, \7\, 111] ) Let h be a biholomorphic map- 
ping defined on a domain D of a Banach space X . The mapping h is said 
to be spirallike if there is a bounded linear operator A such that the function 
Re A is bounded away from zero on the spectrum of A and such that for each 
point w E h{D) and each t >0, the point e~^^w also belongs to h(D). In this 
case h is called A-spirallike. If A can be chosen to be the identity mapping, 
that is, e~*w G h{D) for all w G h{D) and all t > 0, then h is called starlike. 

In other words, a biholomorphic mapping h G IIol(D, X) is y4-spirallike if 
and only if it intertwines some semigroup on D with the semigroup {e~'^*}t>o- 

Remark 1 For mappings defined on the direct product Z = X x Y oi 
two Banach spaces X and Y, it is relevant to consider a block-matrix A = 

^" ^^2 ) with operators An G L{X), A12 G LiY.X), A21 G L{X,Y) 
A21 A22 J 

and A22 G L{Y^ satisfying certain conditions. In such situation, the notion 
of " j , . I -spirallikeness" should be understood in the same sense of 
Definition [2l 



It follows by this definition that if h is an A-spirallike mapping then 
Oe h{D). 

• If G h{D), then there is a unique point r E D such that /i(r) = 0, and 
we say that h is spirallike (star like) with respect to an interior point. 

• Otherwise, if G dh{D), we say that h is spirallike (starlike) with 
respect to a boundary point. 

In the one-dimensional case, the class of spirallike functions with respect 
to a boundary point was introduced in [T] (see also references therein). It 
turns out that for each function h of this class there is a point r, |r| = 1, 
such that lim h^rr) = 0. The same conclusion also holds in many multi- 

r— >-l~ 

dimensional situations. In fact, the validity of such claim depends on the 
validity of an analog of Lindelof's principle (see, for instance, [5]). 

Another class of mappings closely connected with dynamical systems con- 
sists of mappings convex in one direction. These mappings intertwine some 
semigroups on a given domain D with semigroups of shifts. More precisely: 

Definition 2.5 Let h be a biholomorphic mapping defined on a domain D of 
a Banach space X , and let t E X, \\t\\ = 1. The mapping h is called convex 
in the direction r if for each point w G h{D) and each t > 0, the point w + tr 
also belongs to h{D). 

In the one-dimensional case, functions convex in one direction have been 
studied by many authors starting from the classical work of M. S. Robertson 
(see, for examples, [8]). Recently, the interest in these functions and their 
geometric properties has received an impetus because of their connection 
with the semigroup theory (see ^ and references therein). 

Note also that the semigroups {e~'^*}^>g and {■ + ^tJ^^q which appear 
in Definitions 12.41 and 12.51 are particular cases of the general semigroup of 

afiine mappings < e~^* ■ +A L e~^^Tds \ , where A G LiX), A > and 

I ^ J i>0 

tEX, \\t\\ = 1. 



3 Appropriate operator-valued mappings 

Let X and Y be two complex Banach spaces endowed with the norms || • ||x 
and II ■ II y, respectively, and let Di and D2 be the open unit balls in these 
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spaces. On the the space Z = X x y we wish to define a norm depending 
on II ■ II X and || ■ ||y only. Such a norm may be defined as follows. Let 
p : [0, 1] I— 7- [0, 1] be a continuous function which satisfies the conditions: 

(a) p{0) = 1, p{l) = 0; 

(b) p is a strongly decreasing function; 

(c) p is convex up: p {^^^^) > \ (p(si) +p(s2)) for all Si, S2 E [0, 1]. 
Then the set 

D := {{x,y) G Di X ©2 C Z : My <p{\\x\\x)} 

is the open unit ball in Z with respect to some norm || ■ ||. Actually, this norm 
is the Minkowski functional of the set D. Under our assumption, ||(a;,?/)|| is 

the unique solution A > ||2;||x of the equation \\y\\Y = Ap ( '^^^ ). Obviously, 

Z equipped with this norm || ■ || is a complex Banach space. 

In our study of extension operators we need the notion of appropriate 
operator- valued mappings. We define this in several steps. First, we deal 
with self- mappings of Di. 

Definition 3.1 Let K, be a subset of Hol(Di) consisting of biholomorphic 
mappings and closed with respect to composition, and /e^ F : /C x Di i— )■ L{Y) 
be a mapping continuous on /C and holomorphic on Di. We say that F is 
appropriate if it satisfies the following properties: 

(i) the identity mapping idx of the space X belongs to /C, and F(idx, x) = 
idy, the identity mapping of the space Y; 

(a) F satisfies the chain rule in the sense that F(/, g{x))r{g, x) = F(/o(^, x) 
for all f,gElC and x G ©i; 



(Hi) for each / G /C and x G Di, the operator F(/, x) is invertible; 
(iv) F(/, x) 



<^-^MmAforallfelCandxe 

L{Y) P{\\x\\x) 



In the following examples we set p{s) = (1 — s'^Y^'^, where q, r > I. Thus, 
the unit ball in the space Z = X x Y is defined by 

B = {ix,y): ||x||^ + |||/|r^<l}. 

Example 1 Let X = C" be the Euclidean n- dimensional complex space. We 
consider the scalar operator r(/, x) := ( J/(a;))" idy , a >0. To verify whether 
this operator is appropriate, first we choose a branch of the power ( J/(x))" 
such that condition (i) of Definition 13.11 holds. Furthermore, we denote by 
/C a set consisting of biholomorphic self-mappings of Di. In particular, we 
can choose /C = /C^, the subset of IIol(Di) consisting of all biholomorphic 
self- mappings of Di with a fixed point r G Di. 

Conditions (ii) and (iii) obviously are satisfied. In addition, 

[see [T3l Lemma 1.1]). Therefore, condition (iv) will follow by the inequality 

\\mrx\^"^ . (1-11/(^)111.)^/^ ., ,. 



2 

which obviously holds for a = — and q = 2. To proceed, we rewrite 

r{n + 1) 

flXTD as 

(n+l)a (n-\-l)a. 



< 



(i-ii/(:^)ii^)^/^'- - (i-ikii^)^/'- ■ 

Now, if all mappings in /C satisfy /(O) = 0, then ||/(2:)||x < II^^Hx- Taking 

(n+l)a 

into account that the function — ; —-, — is increasing in t G (0, 1) for 

2 ^^^ 

g < 2 and a < — , we conclude that in this situation inequality (13.1 p 

r{n + 1) 

(hence, condition (iv)) holds. ► 

In the next example X = C, the complex plane, and Di = A, the open 
unit disk in C. 



Example 2 Consider the scalar operator r{f,x) 



fix) 



X 



idy, ^ > 0. 



Namely, we set /C to be the set of all univalent self-mappings of A with 
/(O) = 0. Similar to the above example, we choose a branch of the power 

( x^ ) such that conditions (i)-(iii) of Definition 13.11 hold. Condition (iv) 
follows from the Schwarz Lemma: the inequality |/(2;)| < |x| implies that 

/3 /I IX/^M0\1A 



r(/,x) 



L{Y) 



fix) 



X 



< 1 < 



l-|/(x)|^ 



1 



\x\ 



As above, it is easy to modify this example for functions of the set /C"^ for 

any r G A. ► 

Remark 2 In the introduction we mentioned papers where combinations 
of extension operators (11. 2p and (11.41) were studied. Obviously, such com- 
binations are included in our scheme; namely, we can consider non-scalar 
operators based on Examples [H and [2] above. ► 

In the next example, X is a complex Hilbert space with inner product (■, ■) 
and induced norm || • ||x, and r G 9Di C X. Also, we set p{s) = (1 — s^Y^''' . 



Example 3 Consider the scalar operator r(/, x) 



l-(/(^),r) 



2/r 



idy. 



_ l-(x,r) 

defined on the set /C"^ of all biholomorphic self-mappings of Di with the 
boundary attractive fixed point r G 9Di. As above, condition (i) follows 
by the selection of an appropriate branch of the power, conditions (ii) and 
(iii) hold automatically. Furthermore, by a multidimensional analog of the 
boundary Wolff-Schwarz Lemma (see, for example, [19j ) 







1- 


1 tI 2 1 

1 1 X 

(x,r)p- |1- 


-11/(^)1^ 
-{fix).r)^- 


Therefore, 






nf,x) 


L{Y) 


l-(/(^),r) 
l-(x,r) 


"' ^il-\fix)\'x)"' 
- (l-|x||)iA 



i.e., condition (iv) is satisfied. 



For each appropriate mapping F, one corresponds the extension operator 
$ : £ ^ Hol(D) defined by 



(3.2) 



<!>[f]{x,y) = <^f[f]{x,y)=[f{x),r{f,x)y 



In Section Hlbelow, we will study its modification as an extension operator 
for one-parameter semigroups. 

Lemma 3.1 Let F : /C x Di i— )• L{Y) be appropriate. Let f,gElC. Then 

ra;$[/]GHol(D); 
(b)$[fog]=^f]o^g]. 



For the original Roper-Suffridge operator (11. ip . assertion (a) of this lemma 
can be found in |2]. 
Proof. Assertion (a) means that for each point (x, y) e3 the inequality 



r(/,x)2/ <p(||/(x)|| 



Y 



X/ 



holds. Indeed, since {x,y) G D, we have \\y\\Y < PiW^Wx)- Therefore, 

piwmwx] 



^{f,x)y 



< 



Y 



r(/,x) 



M^-) piMx] 



IvWy <p{\\f{x)\\ 



Xj 



To prove assertion (b), we just calculate: 

%[f]o$[g]yx,y) = $[f](^$[g]{x,y)) =m(^gix),f{g,x)y 
Ji9ix)),f{f,g{x))f{g,x)yj = (^{f o g){x),f{f o g,x)yj 
%[fog]){x,y). 



Now we expand the notion of appropriate operators to biholomorphic 
mappings ©i t-)- X. 

Definition 3.2 Let a set /C C IIol(Di) and an appropriate mapping F be 
given. Suppose that there are (a) a non-empty set /C = /Cd^ C Ho1(Di,X) 
consisting of biholomorphic mappings and (b) a mapping F = Fjo^ : /C x Di i— )■ 
L{Y) continuous on K. and holomorphic on Di such that 
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(i) for all hi, /i2 G /C with hi(JDii) C /i2(n5i), we have h2^ o hi E /C; 
(ii) T{h, g{x))T{g, x) = T{h o g, x) for all h E }C, g E IC and x G Di; 
(Hi) for each h E K, and x G ©i, the operator T{h,x) is invertible. 

Then we say that T = Fo^ is appropriate. 

Remark 3 For appropriate mappings considered in Examples [1] and [2] and 

defined on the set of mappings normalized by /(O) = 0, one can choose F to be 
defined by the same formula as F, that is, respectively, F(/i, x) = ( J/i(x))" idy 

or T{h, x) = i -^ ) idy, where /i(0) = 0. As previously mentioned, the 

operator F from Example [1] can be defined on the set /C"^, r G Di. In this 

case, we can again use the same formula. 

Concerning Example [3l it is possible to proceed as follows. We choose 

some mapping A : X \-^ L(Y) and a set of biholomorphic mappings K, 

such that A{h{x)) is invertible for all /i G /C and x G ©i. Then we set 

T{h, x) = (1 — (x, T))~'^'^A{h{x)). For instance, we can choose /C to be a set 

of biholomorphic mappings h G Hol(Di, X) with {h{x), r) 7^ for all x G Di 

/ (h(x) t) \^^'' 
and to define F(/i, x) = ^ ^ /' \ idy. ► 

\l-{x,r)J 

Similar to (13. 2p . we define the extension operator $ : /C 1— )■ Hol(D, Z) by 

^h]{x,y) = ^r[h]{x,y) = {h{x),T{h,x)y) . (3.3) 

This operator will be the main subject in Section |5l In particular, we will 
study its action on starlike and spirallike mappings. 

Lemma 3.2 LetV : /CxDi t-). L{Y) andV : /CxDi i-)- L(Y) he appropriate. 
Let h E JC and g E K.. Then 

^hog]=^h]o^g]. 
In addition, $[/i] is biholomorphic, and for {z,w) E $[/i](D) we have 
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Proof. The first assertion follows by the calculation: 

'$[/i] o $[g]^ {x, y) = $[/i] ($[g]{x, y)^ = $[/i] (^g{x),f{g, x)y 
h{g{x)),T{h,g{x))f{g,x)yj = \^{ho g){x),T{ho g,x)yj 
'<l>[hog]){x,y). 



The last assertion is obvious. ■ 

Now we are ready to turn to appropriate operators on domains biholo- 
morphically equivalent to the unit ball Di. 

Definition 3.3 Let F : /C x Di i— )■ L{Y) be appropriate. Given a domain 
Q E X biholomorphically equivalent to the ball Di, we define the set ICn to 
consist of all biholomorphic mappings f G Hol(r2, X) for which there is a 
biholomorphic mapping h of Di onto Q such that both h and f oh belong to 
/C. For f G /Cn o-nd X E Q we define the appropriate mapping Fq by 

Tnif, x) := F(/ o h, h-\x)) (F(/i, h-\x))) ' . 

The next assertion can be checked directly. 

Lemma 3.3 The mapping Tq is well-defined in the sense that it is indepen- 
dent of the choice of a biholomorphic mapping /i G /C o/Di onto Q. Moreover, 
Fq has the following properties: 

(i) FQ(idx, x) = idy for all x G Q; 

(ii) Tn{f,g{x))Tn{g,x) = Tn{fog,x) for all f G K-n, g G /CnnHol(ri) and 
X G Q; 

(Hi) for each f G /Cn and x E Q, the operator Fq(/, x) is invertible. In 
particular, if h E K, is a biholomorphic mapping of Di onto fi, then 
h-^ G JCn and Tnih'\ h{x)) = (F(/i, x))~^ 

Proof. Let hi, /i2 be biholomorphic mappings of Di onto Q such that 
hi,h2, f o hi, f o h2 G /C. We have to show that 

F(/ o hi, h-,\x)) {V{hi, h-,\x))y' = F(/ o h2, h,\x)) {Tih, h,\x)))-' . 



12 



for all X E fl. Denote w = h]^^{x) and let (f) := h2^ o hi be an automorphism 
of Di which belongs to /C by Definition 13.21 Then the equality above can be 
rewritten as 

r(/ ohi^w) (r(/ii, w))-' = r(/ o h^^ </)H) (r(/i2, (t>{w)))-' . 

This relation holds by Definition 13.21 since h2 o (p = hi. 

Properties (i) and (iii) hold by Definition 13.31 To check property (ii), let 
consider the expression 

Tn{f,9{x))Tn{g,x)T{h,h-\x)) 
= r(/ o /i, h-\gix))) {Tih, h-\gix))))-' T{g o h, h-\x)) 
= r(/ o /i, V^H) (r(/i, i;{w)r^ T{h o ^, w;), 

where we denote if) = h~^ ogoh and w = h~^{x). Since [go h){]D>i) C h{3i), 
we conclude by Definition 13.21 (i) that i/j E K,. Now, using condition (ii) of 
Definition 13.21 we obtain: 



^nif,gix))Ta{g,x)T{h,h ^(x)) 
= T{foh,^Piw))fiij,w)=Tifohoij,w)=T{fogoh,h-\x)), 

so (ii) follows. ■ 

In what follows, all operator-valued mappings F, F and Fj^ are 
assumed to be appropriate. 

4 Extension operators for semigroups 

In this section we study extension operators for one-parameter continuous 
semigroups. It turns out that for a given appropriate mapping, each semi- 
group on the unit ball of X admits a family of extensions. 

Theorem 4.1 Let F : /C x Di i-> L{Y) be appropriate, i.e., conditions (i)- 
(iv) of Definition \3. 1\ are satisfied. Let S = {Ft}t>o C Hol(Di) be a semigroup 
on the ball Di such that S <Z fC. Let S = {G'i}i>o be a semigroup on the ball 
D2 such that each its element Gg, s > 0, satisfies \\Gs{y)\\Y < II 2/ II r for all 
y eB>2 and commutes with operators T{Ft,x) for allt>0 and x e3i: 

f{Ft,x)oGs = Gsof{Ft,x). (4.1) 
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Then the family S = \ Ft\ defined by 

Ft{x,y) = (^Ft{x),f{Ft,x)Gt{y)), (4.2) 

forms a semigroup on D. 

Remark 4 In the case when S is a uniformly continuous semigroup of proper 
contractions (hence, Gt = e~^* for some accretive operator B, see [T9]). 
the commutativity condition (14.1 p can be replaced by the following one: all 
operators T{Ft,x), t > 0, x G Di, commute with B. In particular, the last 
condition always holds if T{Ft^x) is a scalar operator for each t > and 

X e ©1. ► 

Proof. Since Gt is a contraction, it follows by Lemma 13.11 (a) that Ft is a 
self- mapping of D for each t > 0. The continuity of F and condition (i) of 
Definition 13.11 imply that 

lim Ft{x,y) = lim (Ft{x),f{Ft,x)Gt{y)) = (x, f(idx, x) Go(y))) = (x,?/). 

Similarly to the proof of Lemma 13.11 (b), we have for all f , s > 0: 

'FtoT)i{x,y) = Ft{Fs{x,y))=Ft{Fs{x)J{Fs,x)Gs{y) 
yt{Fs{x)),f{Ft,Fs{x))oGtof{Fs,x)oGs{y) 
yt{Fs{x)),f{Ft, F,(x)) f(F„ x)oGto GM 
= (^{FtoF,){x),f{FtoFs,x)Gt+siy))=F^s{x,y). 
This calculation completes the proof. ■ 

Corollary 4.1 Let an appropriate mapping T and semigroups S G IC and 
E C IIol(D2) be as above. Denote by M. G B>i the stationary point set of S. 
Then the stationary point set M. of the extended semigroup S satisfies the 
following inclusion: 

{{x,0) e B : X e M} C M C {{x,y) e B : X e M} . 
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To find the semigroup generator, we require the Frechet differentiability 
of r in / G /C, namely, 

• at each point / G /C the Frechet derivative (denoted by dr{f,x)) exists 
as a linear operator defined on span(/C). 

Just differentiating (14. 2p at t = 0'*', we obtain the following assertion. 

Corollary 4.2 Let an appropriate mapping T and semigroups S* C /C and 
S C Hol(D2) be as above, and let condition (•) be satisfied. If S is gen- 
erated by a mapping f G Hol(Di,X), and S is generated by a mapping 
g G Hol(D2,^); then the extended semigroup S defined by (J^ is gener- 
ated as well. Its generator f is defined by 



f{x,y) = [f{x),dT{idx,x)[f]y + g{y)). 
We proceed with the extension of conjugate semigroups. 

Theorem 4.2 Let {Ft}t>o C /C and {'^t}t>o C ICn be conjugate semigroups 
acting on the unit ball Di and a domain Q G X , respectively. Let h G 
Hol(roi, r2)n/C be their intertwining map. Then the mapping h = ^[h] defined 

by Ii3.3\) is the intertwining map for the semigroup S = \Ft\ defined 



t>o 
by fi4-S\ ) and the semigroup I'^t} acting on $[/i](D) and defined by 



t>o 



^t{z,w) = (^^t{z),rn{^t,z)Gtiz,w)') , (4.3) 

where 

Gt{z, nj) = T{h, h-\z))Gt {Tn{h-\ z)w) . 

Note that if all mappings Gt,t > 0, commute with r{h,x) (for example, 

in the case described in RemarkH]), then Gt{z,w) = Gt{w). 

Proof. It has already be proven in Theorem 14.11 that the family 5* = 

{Ft\ forms a semigroup on D. Therefore, the family < $[/i] o F^ o (<l>[/i])^ \ 
I J t>o ^ I J t>o 

forms a semigroup on $[/i](D) which is conjugate to S with the intertwining 

mapping $[/i]. Let us find its exact form. By Lemmas 13.21 and 13.31 

mh]r\z,w)= {h-\z),{T{h,h-\z))Y' w) = {h-\z)Jn{h-\z)w). 
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Now, we substitute 

,-1 



Ft o mh])-' {z, w) = Ft [h-\z), Vn{h-\ z)w) 
= (Pt {h-\z)) ,V{Ft,h-\z)) Gt {Vn{h~\z)w)) . 

By DefinitionE21 T {Ft, h~^{z)) = (r(/i, Ft o h-\z))y^ T{h o Ft, h-\z)). In 
addition, since h is the intertwining map for {Ft}t>o and {'^t}t>o, we conclude 
that Ft o h^^ = h^^ o "^f Therefore, 

^h] o Ft o {(^[h]y^) {z,w) 

= $[/i] (/i-i i^tiz)) , (r(/i, h-' o ^iJtiz))) ^' n^t o K h-\z))Gt {Tnih-\z)w 
= {^t{z),mt o h, h-\z))Gt {T^{h-\ z)w)) . 

Finally, by Definition 13.31 

r(^, o h, h-\z)) = rn(^i, z)T{h, h-\z)). 

Thus, 

= {^t{z)Jn{'^t, z)T{h, h~\z))Gt {T^{h-\z)w)) , 
and the assertion follows. ■ 

5 Star likeness, spirallikeness and convexity in 
one direction 

The main results of this section are Theorems l5.1l and l5.2l below. In these the- 
orems, given a biholomorphic mapping h, we examine geometric properties 
of its extension $[/i] defined by formula (13. 3p : ^[h]{x,y) = {h{x),T{h,x)y). 

Theorem 5.1 Let h G Hol(Di,X) be an A-spirallike mapping. Suppose that 
e~"^* o h E IC for all t > and there is C E L{Y) such that 

r (e"^* oh,x) = e"^*r(/i, x) for all t > and x e ©i. (5.1) 
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Then the mapping ^[h] is i „ „ \ -spirallike for any accretive opera- 

tor B G L{Y) which commutes with C and with T(h^x) for all x G Di and 
such that the function Re A is hounded away from zero on the spectrum of 
B + C. 

By definition, for eacli point of the image of a spirallike mapping there 
is a spiral curve which is contained in the image. Our theorem asserts that 
the image of the extension of a spirallike mapping contains not only a one- 
dimensional spiral curve but at least some manifold (of real codimension 
(2n — 1) when X = C"). We illustrate this effect in Examples S] and below. 

Theorem 5.2 Let a biholomorphic mapping h G Hol(Di,X) be convex in 
the direction r, where r G 9Di. Suppose that h -\- tr E IC for all t > and 
there is C E L{Y) such that 

T{h + tT,x) = e'^*T{h,x) for all t>OandxeBi. (5.2) 

Then for each point {z,w) G <l'[/i](D), the set $[/i](D) contains the curve 

{(z + tr,e-(^+^)*t/;), t > o}, 

for any accretive operator B G L(Y) which commutes with C and with T{h, x) 
for all X G Di and such that the function Re A is non-negative on the spectrum 
of B -\- C. In particular, ifr{h-\- tr, x) = T{h, x) for all t > and x G Di, 
then the mapping $[/i] is convex in the direction (r, 0). 

Example 4 Let X = C" with an arbitrary norm. Similar to the examples 
in Section [3l we define the unit ball in the space Z = XxY = CxYhY 

B={{x,y): ||x||^ + ||2/|ry<l}, r > 1. 

2 

Consider the appropriate mapping T{h, x) = (J/i(x)) '■("+!) idy (cf., Example[T] 
and Remark [3] above) and the corresponding extension operator 

<^[h]{x,y) = {h{x),{Jh{x))^^)y 

(1) Let A be a diagonal matrix, A = diag(/ii, . . . ,/i„) with Re Hj > 0. 
Take any y4-spirallike mapping h on the unit ball Di C X with respect to 
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either an interior or a boundary point. Since J^-Ati^{x) = e ^^ Jh{x), where 
tr v4 = /ii + . . . + /i„ is the trace of the matrix A, we get that the operator C 



2tr A 



r(n+l) 



jvidy. According to Theorem 15. ![ the 



in formula (15 .ip is given by C 

extended mapping <l>[/i] is I ^ „ 2trA ■^ j-spiralhke for any accretive 

operator B G L(Y). To understand this effect, consider the simplest case 
Y = C In this situation all linear operators are just multiplication by 
scalars. We have that for any point (2:0,^0) G $[/i](D), the image $[/i](D) 
contains the set 



z,w 



— At 

e Zq, w 



'wq, t>0, ReA > 0^ , 



or, equivalently, 



^z,w) : z = e Zq, \w\ < e 



t Rc(tr A) 



\wq\ , t > 



Schematically, this set is presented in Fig. 1. 



Re w. 




Figure 1: The 'spiral' segment and the manifold inside $[/2.](l 



(2) Let now r G 5Di. Take a mapping h convex in the direction r. 
Since Jh+trix) = Jh{x), we conclude that the operator C in formula (15.21) is 



18 



zero. According to Theorem 15. 2 [ for each point {zq, Wq) G $[/i](D), the image 
$[/i](D) contains the set 

I [zq + tr, e'^^wo) , t>0, B e L{Y) is attractivej. 

Once again, we restrict our consideration to the case Y = C Then for any 
point {zq,wo) G <l>[/i](D), the image $[^](D) contains the set 



{{z,w) : z = Zq + tr, \w\ < \wo\ , t > 0} 



(see Fig. 2). 



Re w, 




Figure 2: The cyhndric set inside $[/i](l 



Example 5 Let X be a complex Hilbert space. As above, we define the unit 
ball in the space Z = X x Y hj 



{{x,y) : 



\x\ 



X 



|2/||^<1}, r>l. 



Let A G L{X) be a bounded linear operator such that the function Re A 
is bounded away from zero on the spectrum of A. Suppose that a vector 
T & X, \\t\\x = 1, is an eigenvector of the adjoint operator A*, and A is the 
corresponding eigenvalue. 
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Consider the appropriate mapping T(h,x) = I -^ — - 1 idy (cf., 

\l-{x,r)J 

Example [3] and Remark [3] above) and the corresponding extension operator 



Take an ^-spiraUike mapping h G Hol(Di, X) with respect to a boundary 
rr) = and such that {h{x), r) 7^ ( 

(e-^*/i(x),r) = (/i(x),e-^*V) = e~^'{h{x),T). 



point with hm /i(rr) = and such that {h{x), r) 7^ for all a: G ©1. Clearly, 

r— >-l~ 



Therefore, equality (15.11) holds for the operator C = ^ idy. So, Theorem 15. II 
asserts that the extended mapping $[/i] is I r 1 2A • j J -spirallike for 

any accretive operator B G L(Y). 

In the particular case when X and y are one-dimensional, we conclude 
that for any A, ReA > 0, the extension of each A-spirallike function with 

respect to a boundary point is j 2\ ) -spirallike for any number ^ 

with non- negative real part. We see that if r < 2 then the extended mapping 
may be not A-spirallike. ► 

As previously mentioned in Section |2l the images of spirallike mappings 
and mappings convex in one direction are invariant under action of a lin- 
ear semigroup of proper contractions and a semigroup of shifts, respectively. 
More generally, we can consider a semigroup of afiine mappings. Thus, both 
Theorems 15 . II and 15.21 can be considered as consequences of the following gen- 
eral assertion, where we denote by S = T,{A, A, r) = {'^t}t>o the semigroup 
of affine mappings defined by 

^,(2) = e-^'z + X [ e-^'rds, 
Jo 

where A G L{X), A > and r e X, \\t\ 



X 



Theorem 5.3 Let S = S(A, A,r) be a semigroup of affine mappings. Let 
h G Hol(Di,X) be biholomorphic, and /i(©i) be H-invariant. Suppose that 
^t°h E K, for all t > and there is an operator C G L{Y) such that 

r(^io/i,x) = e-^*r(/i,x) (5.3) 
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for all t > and a; G Di. Let {G's}s>o "^ Hol(D2) be a semigroup such that 
each its element Gg, s > 0, satisfies \\Gs{y)\\Y < WhWy for all y G D2 <ind 
commutes with r{h,x) for all x G Di. 

Then for each point {z,w) G $[/i](D), the image $[/i](D) contains the 
curve 

{{^,iz),e-^'G,iw)), t>0}. 

Proof. Since /i(Di) is S-invariant, the family 5" = {-Ft}j>o with Ft{x) = 
/i^^o\l/jo/i(x) forms a semigroup on Di. By our assumption and condition (i) 
of Definition 13.21 we conclude that 5* C /C. Obviously, h is the intertwining 
map for the semigroups 5" and S (acting on the domain fl = /i(Di)). 

By Theorem 14.21 the image of the mapping $[/i] contains together with 

each point {z, w) G $[/i](D) the whole semigroup trajectory < \E't(^, w), t > 
where \t't is defined by fl4.3p . It follows by f l5.3p that 

Tni^t, z) = r(^i o h, h-\z)) (r(/i, h-\z))) ' 



-'''Tih,h-\z)){TiKh-\z))) 



In addition, Gt{z,w) = Gt{w). Therefore, 

and the assertion is proved. ■ 

Proof of Theorem 15.11 Let h G Hol(Di,X) be an ^-spirallike mapping 
which satisfies (15. ip . Let B G L{Y) be an accretive operator which commutes 
with C. Then the semigroup |e~^*} consists of proper contractions with 
respect to the norm || ■ ||y. Since 

f(Fi, x) = (r(/i, Ft{x)))-^ V{h o Ft, x) 

= {V{h,Ft{x))y^V{e-^' o h,x) 

= {V{h,Ft{x)))-'e'^'V{h,x), 

we conclude that if B commutes with C and with r(/i, x) for all x G Di, then 
B commutes with all operators T{Ft, x), t > 0, x G ©1. Thus, we can apply 
Theorem 15.31 with \&t = e~^* and Gg = e"^* (see Remark |4]). According to 
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this theorem, for each point {z, w) G $[/i](D) the image $[/i](D) contains the 
curve 

{(e-^*z,e-^*G,H) , t > 0} = |(e-^*z,e-(^+^)*w) , t > o}. 

A 



So, by Definition l2.4l (see also Remark[T]), the mapping $[/i] is , „ r 1 r* 

spiralhke. The proof is complete. ■ 

Proof of Theorem 15.21 Let h G Hol(Di,X) be a mapping convex in the 
direction r which satisfies (15.21) . Let B G L{Y) be an accretive operator 
which commutes with C. Then the semigroup je"'^''} consists of proper 
contractions with respect to the norm || ■ ||y. As in the proof of Theorem 15. ![ 
we conclude that if B commutes with C and with T{h, x) for all x G ©1, then 
B commutes with all operators T{Ft, x), t > 0, a; G ©1. Once again, we can 
apply Theorem 15.31 with "^tiz) = z + tr and Gs{w) = e^^^w. This theorem 
implies that for each point {z,w) G $[/i](Di) the image $[/i](Di) contains 
the curve 

|(2 + tr,e-^*G'iH), i>0} = | (2 + tr, e-(^+^)*^/;) , t > o}. 
The proof is complete. ■ 

6 Concluding remarks 

1. Bloch type mappings 

Proposition 6.1 Let F he an appropriate operator. Suppose that a mapping 
h E K, satisfies the following conditions: 



(i) sup \\h'{x)\\L{x) (1 - ||a:||^) < 00; 
(iz) sup \\T{h,x)\\^(^Y) (1 - Mix) < 00; 



(Hi) sup 



d 



xeBi 



^^mx) 



x\\x) (1 - \\x\\x) < 00. 

L(X,L(y)) 



Then sup \\<l>[h]'{x,y)\\^,r;Jl - \\{x,y)\\^) < oo. 

{x,y)eO 
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Proof. Differentiating $[/i] we get 

^h]'{x,y)[{z,w)] = lh'{x)z,—T{h,x)[z]y + T{h,x)w 
The direct estimation leads us to 



Mh]'{x, 



L(z)= sup \\^h\{x,y)[{z,w) 

{z,w)&i 



< sup I ||/i'(x)2;||x + 

(z,w)ei 



d_ 

dx 



T{h,x)[z\ 



<||/i'(x)|U(X) + 

Therefore, 



^TiKx) 



L(X,L(y)) 



P{M\x) + \\T{h,x)\\^^Y)\M 

L(Y) 

p(lkllx) + l|r(/i,x)||^(y). 



Y 



< 

+ 



sup \\m\^,y)\\Liz){^-U^,yW) 

\\h'{x)\\Lix) (1 - ||X||^) + ||r(/l,x)||^(^) (1 - ||X||^) 
d 



dx 



r(/i, x) 



L{XMY)) 



A\x){i 



\x\ 



X 



). 



and the assertion follows. 



2. Open questions 

a. It seems to be possible to repeat a similar construction for non-linear 
operators F. At the same time, we know of no concrete example of an 
extension operator of the form (13.31) with non-linear F. The question could 
be to find such examples. 

b. As a rule, the convexity property is more delicate. For instance, quot- 
ing [11], we note that it seems to be difficult to perturb either the extension 
operator or the domain without losing the convexity-preserving property. 
The original Roper-Suffridge operator f 1 1.11) preserves the convexity of the 
image of the p-ball only if p = 2, i.e., of the Euclidean ball. On the other 
hand, if / is convex, then the extended mapping defined by formula (11.21) 
is convex if and only if /3 = ^ (see, j9]). So, it is natural to examine which 
conditions on F allow the extension operator (13. 3 p to preserve the convexity. 

c. Our scheme does not cover the extension operators introduced by Muir 
[T^ \W\ . We ask: how to expand it to include his operators. 
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